Separate terms for substrate limitation and product inhibition were incorporated into an equation describing the rate of cell growth for the steady-state fermentation of lactose to lactic acid with neutralization to a constant pH by ammonia. The equation was incorporated into a generalized mathematical model of a dialysis continuous process for the fermentation, developed previously, in which the substrate is fed into the fermentor and the fermentor contents are dialyzed through a membrane against water. The improved model was used to simulate the fermentation on a digital computer, and the results agreed with previous experimental tests using whole whey as the substrate. Further simulations were then made to guide experimental tests using deproteinized whey as the substrate. Dried cheese-whey ultrafiltrate was rehydrated with tap water to contain 242 mg of lactose per ml, supplemented with 8 mg of yeast extract per ml, charged into a 5-liter fermentor without sterilization, adjusted in pH (5.5) and temperature (44°C), and inoculated with an adapted culture of Lactobacillus bulgaricus. The fennentor and dialysate circuits were connected, and a series of steady-state conditions was managed nonaseptically for 71 days. The fermentation of deproteinized whey relative to whole whey, with both highly concentrated, resulted in similar extents of product accumulation but at a lesser rate.
Whey utilization continues to be a problem for the dairy industry. Whey can be processed by pressure filtration through semipermeable membranes to obtain protein concentrates (3) . Forty to 70% of the original protein is recovered (10, 15) . The protein has many commercial uses because of its high nutritional quality (20, 23, 24) . However, the capital costs of production are high and large volumes of lactose-containing ultrafiltrate are left as residue, which is nearly as much an environmental burden and an economic and nutrient loss as the whole whey. Thus, feasibility of the process is dependent upon use of the deproteinized but lactose-rich ultrafiltrate.
A potential solution to this problem lies with the conversion of whey ultrafiltrate into feedstuff for ruminant animals, accomplished by the bacterial fermentation of the lactose into lactic acid and its neutralization to constant pH by ammonia (7) . A background for this development exists in studies of the fermentation using whole whey as the substrate. The fermentation can be managed as a batch process (18) , continuous process (11) , or dialysis continuous process (4, 22) . The latter process relative to the nondialysis processes enables the use of more concentrated substrate, is more efficient-in the rate of substrate conversion, and additionally produces a dialysate effluent of less concentrated but purer ammonium lactate.
In the studies reported here, a rate expression for bacterial growth was developed containing separate terms for substrate limitation and product inhibition. The expression was incorporated into a mathematical model of the dialysis continuous process generalized with dimensionless parameters so that it could be widely applied (4) . The resulting improved set of equations was employed to simulate the fermentation on a digital computer, and the results were verified using previous experimental results with whole whey as the substrate (22) . Further (2) The symbols in this and subsequent equations are described in Table 1 .
In the studies of Stieber et al. (22) , an exaggerated
Kp value (1,000 mg/ml) was used to correlate the simulation with the experimental results. The high value for Kp eliminates the effect of the product inhi- Generalized model. The design of the fermentation system, the assumptions for purposes of modeling, the material balance equations, and the rate equations for substrate utilization and product formation were the same as those used previously (4) . The rate equations and equation 4 were combined with the material balance equations, and the variables were defined in dimensionless parameters (Table 2 ) to obtain a generalized model for dialysis continuous fermentation.
The resulting equations for the fermentor circuit are as follows:
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where Tf = Vf/Ff and is an operational parameter. A side effect of the dialysis process was a large osmotic influx of water from the dialysate into the fermnentor, diluting its contents. The dilution was accounted for by assuming that the diluting water entered the fermentor with the feed stream rather than from the dialysate and by correcting Sfo accordingly. Figure 1 shows the computer-simulated curves obtained by using the steady-state solution with the values in Table 3 to describe the correlation between one important operating parameter and the conversion efficiency, e.g., Tf versus Sf and Sd. The curves all fit closely with the superimposed points of the previous experimental results with whole whey (22) . A similar comparison between the simulated and the experimental results was also made for a second operating parameter, e.g., Fd versus Sf and Sd (Fig. 2) . Although not fitting as closely to the experimental points, the simulation curves described the trends well. The discrepancy mostly was caused by decreased permeability of the membranes.
Altogether, the results demonstrated the validity of the mathematical model, which then was used to guide experimental tests for the ammonium-lactate fermentation of deproteinized whey. The improved model predicted the same effects of changes in the various parameters on the process and the same regions for experimental tests as did the previous model (4).
MATERIALS AND METHODS Inoculum. The inoculum culture was obtained from the fermentor effluent (day 94) of a previous dialysis continuous fermentation (22) originally started with Lactobacillus bulgaricus 2217 (Chris Hanson's Laboratory, Milwaukee, Wis.).
Substrate. Dried deproteinized cheese whey (prepared by ultrafiltration of whole sweet-cheese wheys by Stauffer Chemical Co., Rochester, Minn.) was rehydrated to contain 242 mg of lactose per ml and was supplemented with 8 mg of yeast extract per ml. The reconstituted whey was made up in 7-liter batches without sterilization, stored at 4°C, and held in a stirred, heated (60°C) reservoir to keep the lactose in solution.
Dialysis continuous fermentation system. The experimental dialysis fermentation system was conducted continuously at a temperature of 44°C and a pH of 5.5 with essentially the same equipment as used previously (22) . However, plunger-type reciprocating pumps (type " P", Bran and Lubbe, Inc., Evanston, Ill.) were used to meter the whey and water, and the pH was regulated with a different automatic device (model pH-40, New Brunswick Scientific Co., New Brunswick, N. J.). The circulation rates through the dialyzer, for both the fermentor and dialysate circuits, were 2 liters per min. Operation of the system was interrupted once, for 3 weeks, during which the fermentor-circuit contents were stored at 40C. Analytical procedures. Samples from the dialysate and fermentor circuits were taken at 12-h intervals from the dialysate effluent and from a glass "T" inserted in the tubing between the fermentor and dialyzer. Steady-state data were determined from samples taken at five times the cell retention time or 48 h after changing a parameter. Lactose in the samples was determined by the colorimetric method of Morris (14) . Lactic acid was determined by use of a gas chromatograph (series 1420, Varian Associates, Palo Alto, Calif.) with an integrator (model CDS 111, Varian Associates), using a stainless-steel column (6 feet by % inch [ca. 1 .83 m by 0.32 cm] outside diameter) packed with 10% SP-1000/1% H3PO4 on 100/120 Chromosorb WAW (Supelco, Inc., Bellefonte, Pa.). Samples were prepared by the procedure of Holdeman and Moore (9) . Lactic acid also was determined by the colorimetric method of Pryce (17) . Specific conductance was measured with a conductivity bridge (model RC-16B2, Beckman Instruments, Inc., Cedar Grove, N. J.). Cell-retention time versus lactate concentration. Figure 4 shows 
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Lactose conversion and lactate productivity. Figure 5 shows that the lactate produc-C( 60 _ tivity decreased with increased Tf, whereas the percentage of lactose converted to product increased with increased Tf. High lactate productivity and high lactose conversion along with 40 high lactate concentrations are all desirable. concentrations in both circuits decreased with T(h) increased Tf (Fig. 3) (Table 4 ). The mean rate of ammonium-lactate production was 4.7 mg/ml-h and the lactose conversion was 81%.
By day 58 of the fermentation, the residual lactose levels were very low, but then the levels increased with time. The lactose increase was possibly caused by a buildup of inhibitory substance in the fermentor circuit resulting from membrane fouling, as seen by the greater differences between Sf and Sd and between Pf and Pd as time progressed.
During the fermentation, a mean of 36.5% of the fermentor effluent represented water which osmosed from the dialysate circuit, i.e., a mean of 56.4 ml of water per h (Ff -Ff°in Table 4 ) entered the fermentor from the dialysate circuit.
From material-balance data (Table 4) , the equivalent substrate concentration in the fermentor-feed stream (Sfe) was calculated by use of a conservation-of-mass equation. The mean calculated value (247 mg/ml) agreed well with the mean analytical value (242 mg/ml) for Sf°. Thus, the results confirmed that no significant portion of the substrate was lost to products other than lactic acid.
Validation of the mathematical model. The values shown in Table 5 Fig. 3 and 4 perimental data) because a mean 32.5% of the were obtained from the results of nondialysis fermentor contents represented water which os-continuous fermentations, adding to the validamosed from the dialysate circuit. tion of the model. Figure 3 shows the computer-simulated curves Process evaluation by use of the matheobtained by use of the steady-state solution with matical model. The experimental and simuthe values in Table 5 to describe the relation lated results were correlated to evaluate the between the two principle operating parameters fermentation process. The 0.4 at days 40 to 49) showed that the permeability of the membrane decreased as the fermentation progressed. Calculations of [I using a P.,, of 0.06 mg/cm2-h showed that HI should have been about 0.9. Thus, by 4 weeks into the fermentation, the permeability factor decreased by 50%. Coulman et al. (4) showed that a fl of 2.0 should be used for the process to obtain suitable relief from product inhibition.
Process monitoring. On-line sensors are becoming increasingly important in the operation of fermentations (16) . In the present process, the dialysate effluent is a relatively pure solution of ammonium lactate and should be measurable by its electrical conductivity. Figure 6 illustrates the positive correlation between the concentration of ammonium lactate and the conductance in the dialysate. Thus, a conductivity bridge could be readily used for the on-line monitoring of product concentration. Moreover, if coupled with the model, this parameter could indicate other parameters of the fermentation, e.g., cell concentration in the fermentor and membrane permeability in the dialyzer. DISCUSSION Various models have been used to describe the growth of lactic acid bacteria (4-6, 8, 11-13, 19) . Although these models correlate with experimental results, they have only been used for fermentations of very low substrate and product concentrations, they contain equations or terms which have no biological basis, or they lack a (Fig.  1 to 3 ), product formation (Fig. 4) , and cell-mass accumulation (results not shown). The model also contains substrate-limitation and productinhibition terms which have a biological basis. Moreover, the values used for these terms are realistic. To date, the model has only been correlated with steady-state data. The major shortcoming of the model is that the product-inhibition effect is not strong enough at lactate concentrations greater than 70 mg/ml. As suggested above, the incorporation of a product-inhibition term into the maintenance term may provide a solution. Another cause of the problem is that, since a dialysis culture is able to tolerate greater lactate concentrations than is a nondialysis culture (22) , there may be an unknown dialyzable factor which also has an inhibition effect on the lactic acid fermentation.
The mean product/substrate ratio of the ammonium-lactate fermentation was determined as 0.96 mg/mg. Thus, 96% of the lactose utilized was converted to ammonium-lactate and 4% was incorporated into bacterial cells. On a substrate efficiency basis, the fermentation thus would be more useful for production of ammonium-lactate than for bacterial cells.
The dialysis continuous process has been used to ferment whole whey (22) and deproteinized whey. Both fermentations are most efficient when using a Tf of about 20 h, i.e., further increases in Tf do little to decrease Sf and Sd (compare Fig. 1 and 3) . A comparison of the use of these substrates at similar conditions is shown in Table 6 . The fermentation of whole whey relative to deproteinized whey occurred at a greater fermentation rate and resulted in more complete substrate conversion. The fermentor contents of both processes were similarly diluted by a net osmosis of water from the dialysate circuit. Both fermentations were similarly efficient in the percent conversion of lactose into ammonium-lactate only and in the high concentration of accumulated ammonium-lactate in the fermentor. The present study also showed that a high concentration of cell-free ammonium lactate (50 mg/ml) could be maintained in the dialysate effluent (Fig. 4 ). The mathematical model showed the permeability factor to be as low as 0.4. Consequently, the fermentation could be improved considerably (e.g., more efficient conversion of substrate and greater lactate concentration in the dialysate effluent) with use of a more permeable membrane. Greater conversion of substrate could also be had by increasing the cell-mass concentration in the dialysis fernentor. This might be accomplished by recycling the cells or by employing a nondialysis prefermentor which is optimized for cell production and the effluent from which flows into the dialysis fennentor, which is optimized for conversion efficiency and product accumulation. Such fermentation systems can be easily modeled before conducting experimental tests.
